The development on relativistic nuclear many-body theories is reviewed. The self-energies of hadrons are calculated both in the framework of quantum hadrodynamics(QHD) and fromŜ 2 matrix elements, and the results from these two methods are same as each other, respectively. Therefore, a new method, sum rules on quantum hadrodynamics, is summarized in the calculation of the self-energies of hadrons fromŜ 2 matrix elements to solve the nuclear many-body problems. The 1 differences between this method and quantum hadrodynamics are discussed. In this new method, the propagators of hadrons defined in the vacuum are adopted, and the influences of the nuclear matter come from the condensation of nucleons.
Introduction
In the conventional nuclear theory the nucleus is treated as quantum mechanical manybody problem of fermions interacting with each other by a non-relativistic two-body interaction(see for instance Ref. [1] ). The bare nucleon-nucleon interaction is strongly repulsive at short distances and can neither be treated by perturbation theory, nor by the mean-field approximation. so the method of Brueckner G-matrix, an effective interaction theory, is introduced [2] .
Although the non-relativistic nuclear many-body theory have been applied in the calculation of nuclear structure, the saturation properties of nuclear matter could not be obtained with this theory [3] . It is necessary to include effective three-body forces in the calculation of G-matrix [4, 5, 6] . It is no doubt that the nucleus is not the simple cluster of interacting nucleons, the component of mesons should be considered in the calculation of the nuclear structure.
The quantum field theory have succeeded greatly in the scope of particle physics, while people have met some difficulties when the methods of the quantum field theory are applied to nuclear systems. The ground state of the nuclear system is filled with interacting nucleons, which is different from the vacuum in perturbation theory. In addition, The coupling constants of strong interaction between nucleons is far larger than the fine structure constant in the quantum electrodynamics(QED), so the perturbation method could not be performed perfectly. At last, the nucleons and mesons consist of quarks and gluons, and are not fundamental components in the level of modern knowledge. All these factors determine the perturbation method in quantum field theory can only be generalized to solve nuclear many-body problems approximately and effectively.
Walecka and his group attempted to solve the nuclear many-body problems in the framework of relativistic quantum field theory, and developed the method of relativistic mean-field approximation [7, 8, 9] . In this method, the field operators of the scalar meson and vector meson are replaced with their expectation values in the nuclear matter, respectively. Therefore, the calculation is simplified largely. in the earliest QHD theory, the resultant compression modulus is almost 550MeV [7] , which is far from the experimental data range of 200 − 300MeV . To solve this problem, the nonlinear self-coupling terms among σ mesons are introduced to replace the mass term 1 2 m 2 σ σ 2 [10] ,
Moreover, a self-coupling term of the vector meson
is added to produce the proper equation of state of nuclear matter [11, 12] . No doubt, additional parameters would give more freedoms to fit the saturation curve of nuclear matter. Zimanyi and Moszkowki developed the derivative scalar coupling model yielding a compression modulus of 225MeV without any additional parameter [13] .
With the bare nucleon-nucleon interaction, the properties of symmetric nuclear matter at various densities can be determined in the relativistic Brueckner-Hartree-Fock calculations. For each value of the density, the relativistic mean-field equations are solved and the corresponding coupling constants are adjusted to the results of Brueckner calculations. Therefore, a relativistic mean-field model with density-dependent coupling constants is obtained [14, 15] . At the other hand, the Debye screening masses of the mesons are calculated in the relativistic mean-field approximation [16] . As the density of the nucleon increases, all the screening masses of mesons increase. Replacing the masses of the mesons with their corresponding screening masses in Walecka-1 model, the saturation properties of the nuclear matter are fitted reasonably, and then a density-dependent relativistic mean-field model is proposed without introducing the non-linear self-coupling terms of mesons. The nonlinear self-interaction terms of the mesons are not included in both of these density-dependent relativistic mean-field models. In nuclear matter, the screening masses of the mesons increase with the density of the nuclear matter. This result is equivalent to the statement that the coupling constants decrease with the density increasing while the masses of mesons retain constant. At this point, these two models is consistent to each other.
In order to fit the asymmetric energy at the saturation point of the nuclear matter, the ρ meson is introduced by considering the isospin SU(2) symmetry of the Lagrangian density [9] . The relativistic mean-field model has been applied to study the properties of finite nuclei [9, 17, 18] , and the spin-orbit coupling term can be deduced directly. At this point, the method of relativistic mean-field approximation is more advanced than the non-relativistic many-body theory, in which the spin-orbit coupling term is added arbitrarily.
Pair corrections between the nucleon in the nucleus are included in the framework of relativistic mean-field approximation, and this model is called relativistic Hartree-Fock-Bogoliubov theory [3, 19] . Until now, this theory has been used in the calculations of the properties of both the stable nucleus and the nucleus far from β-stable line [3, 20] .
Some attempts have been made to develop a model to solve nuclear many-body problems in the quark level. The most representative model are quark meson coupling(QMC) model based on current quarks [21, 22, 23, 24] and quark meson field(QMF) model based on constituent quarks [25, 26] .
Quantum chromodynamics(QCD) has two very important properties: chiral symmetry spontaneous breaking and confinement. It is believed that the two properties are closely related to the vacuum characteristics of QCD. From the Goldstone's theorem, Goldstone bosons appear as the chiral symmetry is spontaneously broken. To carry out the constraint by appearance of Goldstone bosons, several relativistic many-body models considering the chiral symmetry spontaneous breaking have been developed [18, 27, 28, 29, 30, 31, 32, 33, 34] .
The relativistic mean-field approximation is a phenomenological method to solve nuclear many-body problems. Its results may be derived in the relativistic Hartree approximation by summing the tadpole diagrams self-consistently in nuclear matter, retaining only the contributions from nucleons in the filled Fermi sea in the evaluation of the selfenergy and energy density [9] . When the contributions of exchange-terms are considered except for those of tadpole diagrams, the method of relativistic Hartree-Fock approximation is developed. The equations on the relativistic Hartree-Fock approximation are tech-nically considerably much more difficult to solve than the relativistic Hartree equations and so far the full set of these equations has only been solved for the nuclear matter [35, 36] and for finite spherical nuclei [37] . It then turns out that the exchange terms are by no means small and the parameters have to be readjusted. In Sect. 2, these two methods are discussed shortly. In Sect. 3, we obtained the self-energy of hadrons by calculating the second orderŜ matrix elements of the nucleon in nuclear matter, then a new method to solve nuclear many-body problems is developed. In Sect. 4,the Feynman rules on this new method is summarized, which is named as sum rules on quantum hadrodynamics by us.
The discussion and summary are given in Sect. 5. In this paper, the Lagrangian density of Walecka 1 model is used, and it is no doubt that this new method can be easily to extended to more sophisticated models.
Quantum hadrodynamics 1
According to Walecka-I model, the nucleons ψ interact with scalar mesons σ through a Yukawa couplingψψσ and with neutral vector mesons ω that couple to the conserved baryon currentψγ µ ψ. the Lagrangian density in nuclear matter is
with M N ,m σ and m ω the nucleon, scalar meson and vector meson masses, respectively, and ω µν = ∂ µ ω ν − ∂ ν ω µ the vector meson field strength.
In the relativistic mean-field approximation, the meson field operator can be replaced by their expectation values in the nuclear matter, which are classic fields:
For a static, uniform system, the quantities σ 0 and ω 0 are constants independent of x µ .
Rotational invariance implies that the expectation value ω vanishes [9] . The effective Lagrangian density in the relativistic mean-field approximation can be written as
with M * N = M N + g σ σ 0 the effective mass of the nucleon. With the Lagrangian density in Eq. (5), the ground state of nuclear matter|G , where the Fermi sea is filled with nucleons, and there are not antinucleons and "holes", is determined. In the ground state of nuclear matter, the nucleons is treated as point-like fermions emerged in the mean-field, and the energy of the nucleon can be easily deduced from the Dirac equation of the nucleon in the relativistic mean-field approximation.
with p the momentum of the nucleon.
The propagators for the scalar meson, vector meson and the nucleon are defined in the ground state of nuclear matter | G respectively, just as
where T [ ] denotes the time-ordered product. The momentum-space propagators take the forms of [9] i∆
where
and
where E * (p) = p 2 + M * N , and p F is the Fermi momentum of nucleons. In the following, The bar on the symbol of the momentum of the nucleon will be omitted for simplicity.
The propagator of the vector meson in Eq. (12) takes the form in Feynman gauge, and the calculation results are independent on the choice of the gauge [38] .
In the propagator of the nucleon in Eq. (13), the first term iG ′ F (p)is similar to the Feynman propagator of the fermion in vacuum except that the corrections of the meanfield σ 0 and ω 0 are included. The second term iG ′ D (p)is on shell, and corresponding to the effect of Fermi sea.
According to the Feynamn diagrams shown in Fig.1 and 2 , the self-energies of the nucleon, the scalar and vector meson in the nuclear matter can be calculated with the Feynman rules shown in Ref. [9] . It should be noticed that there are a more factor of (i) in each of the propagators of the hadrons in Eqs. (11) , (12) and (13) than those propagators in Ref. [9] . Because the corrections of the mean-field σ 0 and ω 0 are considered in the propagator of the nucleon, it is believed the self-consistency have been achieved in the calculations[9]. 
The self-energy of the nucleon in quantum hadrodynamics
Eq. (17) defines the associated second-order self-energy insertion Σ. As indicated, it has no k-dependence, but is just a constant. For the Hartree approximation, the self-energy of the nucleon in the nuclear matter is denoted as
Replacing the propagators of the scalar meson, the vector meson and the nucleon in Eqs. (19) and (20) with Eqs. (11) (12) (13) , the self-energies of the nucleon can be written as
The divergences arise from the integrals over G ′ F (p) in Eqs. (21) and (22), which are related to the contribution of Dirac sea of the nucleon. The second terms in Eqs. (21) and (22) are density-dependent and relevant to the Fermi sea. In the calculation of quantum hadrodynamics, only the effects of the filled Fermi sea are considered. In the following, we will focus our attention on the second terms in Eqs. (21) and (22) .
The replacement of the full G ′ (p) by the contribution G ′ D (p) of the filled Fermi sea renders the integrals in Eqs. (21) and (22) finite and defines the self-energies of the nucleon in the relativistic mean-field approximation [9] :
with
the scalar density of protons or neutrons and
the number density of protons or neutrons.
The exchange terms
The contributions of exchange terms to the self-energies of the nucleon in the nuclear matter are calculated with the Feynman diagram in the right part of Fig. 1 , the selfenergies of the nucleon from the exchange terms can be written as
relevant to the scalar coupling and
to the vector coupling.
In the calculations of the self-energies of the nucleon in Eqs. (28) (29) , the divergences arise from integrals over the first terms with iG ′ F (p) included, and can be eliminated in the procedure of renormalization. The integrals over the products with the second term of the nucleon propagator iG ′ D (p) included will provide the self-energies correction of the nucleon from the Fermi sea, so the self-energies from the exchange terms is easy to be calculated as
2.2 The self-energies of the scalar and vector meson in quantum hadrodynamics 1
The self-energies of the scalar and vector meson in the nuclear matter can be obtained from the Feynman diagram in Fig. 2 . The self-energy of the scalar meson is
and the self-energy of the vector meson is
After the divergences are renormalized as usual in Eqs. (32) and (33) , the densitydependent parts of the scalar and vector meson can be written as
In the calculation of quantum hadrodynamics theory, the Feynman diagrams in nuclear matter are same as those in vacuum although the implications are different. In addition, the propagators are defined in the ground state of nuclear matter, but the renormalization is carried out in perturbation vacuum, where there are not any particles.
3 The self-energies of the hadrons in the nuclear matter from the Wick's theorem
In this section, We will calculated the self-energy of the hadron in the nuclear matter from the Wick's theorem of quantum field theory.
The nucleon field operator ψ(x) and its Dirac conjugate operatorψ(x) can be expanded in terms of the complete set of solutions to the Dirac equation in the relativistic mean-field approximation.
where p = (E * (p), p), and λ denotes the spin for the nucleon. The anti-commutation relations for the creation and annihilation operators are written as
and the other anti-commutation relations are all zero. The scalar field can be written as
with Ω σ = k 2 + m 2 σ and the commutation relations between the creation and annihilation operators of the scalar field are
The vector field is
with Ω ω = k 2 + m 2 ω , and the commutation relations between the creation and annihilation operators of the vector particle are
The ground state of nuclear matter could be understood as the state that there are a great number of interaction nucleons in the perturbation vacuum, and the propagators in the relativistic mean-field is used in the calculation of the self-energies of particles.
The three propagators of the scalar meson, vector meson and nucleon in the relativistic mean-field follow as:
The momentum-space propagators [38] are
In this approximation, only the effect of the mean-field is considered, and the Pauli blocking effect of Fermi sea is excluded in the propagator of the nucleon Eq. (51). Therefore, the interacting propagator of the nucleon takes a form analogous to that of noninteracting propagators of the fermion in vacuum.
If the interaction between nucleons is considered as a perturbation, the perturbation
Hamiltonian in the interaction picture can be expressed as
and the S-matrix can be written aŝ
In the 2nd-order approximation, onlŷ
should be calculated. In the following, the coupling to scalar fields will be discussed firstly in the absence of vector fields.
The time-ordered product T [H I (x 1 )H I (x 2 )] can be expanded as Wick's theorem when only the scalar interaction is included:
where N[] denotes the normal ordering product, and the overbrace symbol " " denotes the contraction of a pair of field operators. When a nucleon with momentum k and spin δ is considered in nuclear matter, its field operator ψ(k, δ, x) and conjugate field operatorψ(k, δ, x) can be expressed as
The nucleon self-energy in nuclear matter
In the calculation of the self-energy of the nucleon with the momentum k and the spin δ, a pair of the nucleon field operators in the 4th term on the right side of Eq. (56) should be replaced with Eqs. (57) and (58), while the other pair of the nucleon field operators which denote the nucleon in the Fermi sea, would be replaced with Eqs. (36) and (37), respectively.
(59)
The underbrace symbol " " denotes a pair of nucleon field operators in the Fermi sea, which are replaced with Eqs. (36) and (37) , respectively. The expectation value ofŜ 2 in the nuclear matter is independent on x 1 and x 2 , so Eq. (59) can be rewritten as The expectation value ofŜ 2 in the nuclear matter on the first term in Eq. (60) can be written as
where k 1 = k 2 = k, and p 1 = p 2 = p = (E * (p), p), and θ(x) is the step function.
According to the Dyson equation in Eq. (17) , the propagator of the nucleon G(k) in nuclear matter can be derived as
then the self-energy of the nucleon in the nuclear matter is
with ρ S the scalar density of protons or neutron defined in Eq. (24) . In the calculation of Eq. (62), the normalization conditionŪ(p, λ)U(p, λ) = 1 is used.
The self-energy of the nucleon related to second terms in Eq. (60) can be obtained
being used.
Correspondingly, the relevant normal ordering products related to the self-energies of the nucleon coupling the vector meson in the calculation of theŜ 2 matrix elements can be written as
Therefore, the self-energies of the nucleon coupling to the vector meson in the nuclear matter corresponding to the first and second term in Eq. (65) can be calculated as
with ρ V the number density of protons or neutrons defined in Eq. (26), and
respectively. Therefore, the total self-energies of the nucleon Σ in nuclear matter are acquired,
The isospin degeneracy is fixed by setting β = 1 for neutron matter and β = 2 for nuclear matter in Eq. (68), and it is straightforward to generalize these equations to the arbitrary ratio of the proton and the neutron.
Obviously, the self-energies of the nucleon Σ σ 1 , Σ σ 2 , Σ ω 1 , Σ ω 2 calculated from Wick's expansion in this section are same as those results from quantum hadrodynamics Σ σ H , Σ σ F , Σ ω H , Σ ω F in Sect. 2, respectively.
The self-energies of the scalar and vector meson
In order to obtain the second-order self-energies of the scalar meson in the nuclear matter, the Wick expansion in Eq. (56) should be studied again. In Eq. (56), the normal ordering products relevant to the self-energy of the scalar meson are the 5th, 6th, 8th and 11th terms at the right of the equation. Obviously, the divergences arise from the 8th and 11th terms, and can be renormalized as usual. In the following, only the 5th and 6th terms, which are related with the filled Fermi sea, are considered.
When a scalar meson with determined momentum k is studied in the nuclear matter, its field operator σ(k, x) can be expressed as
In order to calculate the self-energy of the scalar meson in the nuclear matter, the scalar field operators σ(x 1 ) and σ(x 2 ) in the 5th and 6th terms at the right side of Eq. (56) should be replaced with Eq. (69),
The nucleon field operator ψ(x) and its conjugate field operatorψ(x) in the normal order-
(70) should be expanded as Eqs. (36) and (37), respectively. Therefore, the self-energy of the scalar meson can be obtained as [16] 
Similarly, the normal ordering products relevant to the self-energy for the vector meson can be written as
The self-energy of the vector meson in the nuclear matter can be calculated with the similar procedure as 
for each pair of crosses in the ground state of nuclear matter, where p F is the Fermi momentum of protons or neutrons.
6. Take the Dirac matrix product along a fermion line.
7. The momentums and spins of external lines with a cross or without a cross take the same values with each other, respectively.
8. Include a factor of (−1) in the calculation of exchange diagrams. 9 . Include a factor of δ ij along a fermion line for isospin(here i, j = p, n).
If the masses of the scalar meson, vector meson, baryon , and all of coupling constants are renormalized, the loop diagrams are not needed to be considered at all. Therefore, only the diagrams with crosses should be included in the calculation of self-energies of particles. Because there do not exist antinucleons in the ground state of nuclear matter, the diagrams with an external line of antinucleons should be excluded, too. Obviously, This theory is based on the hypothesis that the total scattering cross section on the whole nucleus of a particle equals to the summation of all the cross sections on each nucleon in the nucleus when the particle's kinetic energy is less than 1GeV by far.
The Feynman diagrams for the calculation in Section 3.1 are shown in Fig. 3 . The first diagram in Fig.3 corresponds to the tadpole contribution, and the second corresponds to the exchange term in the relativistic Hartree-Fock approximation [9] .
The self-energies of the scalar, vector meson or the photon may be acquired by calculating the Feynman diagrams in Fig.4 with the above Feynman rules. It shows the same results as the one-fermion-loop approximation in quantum hadrodynamics [9] . In another word, The same effective masses of the photon and the meson in Ref. [16, 39] may be obtained by calculating their self-energies in the one-fermion-loop approximation in quantum hadrodynamics.
Discussion and summary
Feynman rules in our manuscript are different from those in Ref. [9, 40] . In their papers, the propagators are defined in the state of nuclear matter, so there is a on shell part In summaries, a new theory for relativistic nuclear many-body calculation is developed, and the differences between this theory and the quantum Hadrodynamics are discussed. 
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